CONSTRUCTIONS OF REGULAR ALGEBRAS £™(G) 

YU. N. KUZNETSOVA 



Abstract. Criterion of (Shilov) regularity for weighted algebras 
Cf (G) on a locally compact abelian group G is known by works of 
Beurling (1949) and Domar (1956). In the present paper this crite- 
rion is extended to translation invariant weighted algebras C™(G) 
with p > 1. Regular algebras C™(G) are constructed on any sigma- 
compact abelian group G. It was proved earlier by the author that 
sigma-compactness is necessary (in the abelian case) for the exis- 
tence of weighted algebras (G) with p > 1. 

1. Criterion of regularity 

Regular algebras, introduced by G. E. Shilov[13], form an important 
class of commutative semisimple Banach algebras. Recall their defini- 
tion. If a commutative Banach algebra A is semisimple, the Gel'fand 
transform allows to identify it with a subalgebra of continuous function 
on the space of maximal ideals S, which is also called the spectrum of 
A. Further, A is said to be regular, if the corresponding algebra of 
functions separates points and closed sets in E, i.e. for any closed set 
F C S and a point x F there is / G A such that f(x)^0 and / 
vanishes on F. 

Regular algebras posess different interesting properties. For example, 
if we consider the ideal 1(F) of all functions in A that vanish on a closed 
subset FcE, the set of common zeros of all functions in 1(F) equals 
to F again. If functions with compact support are dense in A then 
every proper closed ideal J C A is contained in a modular maximal 
ideal, i.e. has a common zero s 6 S (it is an abstract form of the 
Wiener Tauberian theorem, see, e.g., [TO], §25D]). 

We start with necessary definitions. G denotes always a locally com- 
pact abelian group, all integrals are taken with respect to Haar measure 
/i, p ^ 1, l/p+ 1/9=1 (for p = 1 we put q = 00). A weight is any pos- 
itive measurable function on G. The space C™(G) with a weight w is 

defined as {/ : fw G C P (G)}, with the norm ||/||p )tl > = (/ \ fw\ p ) 1 ^ P . In- 
dices p, w are sometimes omitted. Weights w±, W2 are called equivalent 
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if for some constants C\, C2 locally almost everywhere 

Ci < — ^ C 2 . (1) 

w 2 

Equivalent weights define the same weighted space and equivalent norms 
on it. 

Recall sufficient conditions on a weight function for Cp"(G) to be an 
algebra with the usual convolution: (/ * g)(s) = J f(t)g(s — t)dt. For 
p — 1 it is submultiplicativity: 

w(s + t) < w(s)w(t), (2) 

and for p > 1 the following inequality (locally almost everywhere): 

w~ q *w~ q ^w~ q . (3) 

The space Cp(G) is translation invariant iff [3] for any s £ G 

T w(s + t) ... 
L s = ess sup -— . (4) 

It is obviously sufficient that w be submultiplicative. 

Weighted algebras Cf{G) are not regular for any weight w. This is re- 
lated to the fact that for a quickly growing weight w Fourier transforms 
of functions in C™(M.) form a quasianalytic class, for which uniqueness 
theorem holds. This result is derived from the Paley- Wiener theorem 
[TT] and is the main tool in the study of Fourier transforms of weighted 
algebras. 

Fix one more notation. For x > denote 

log + x = max{0, logo;}, log" x = min{0, logx}. 

A weight w on the real line is called non-quasianalytic, if 

log + u>(£) , 
l + t l dt < °°» ( 5 ) 

and quasianalytic if this integral diverges. 

Beurling pQ proved that (jSJ) is equivalent to regularity of a weighted 
algebra £^(R). This result was further extended by Domar [2] to the 
case of any abelian locally compact group, the definition of quasiana- 
lyticity slightly changed. According to Domar, a weight wona group 
G is called non-quasianalytic if for any ieG 

log + w (nx 



~2 < °°- ( 6 ) 



n 

n=l 



Theorem 1.1 ([2, th. 2.11]). Regularity of an algebra C™(G) with a 
weight w ^ 1. is equivalent to the inequality (jHJ). 
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The Domar's proof is easily extended to the case p > 1, if one sup- 
poses that the algebra Cp(G) is translation invariant (theorem II. 3p . 
For non-invariant algebras ([6]) is not a criterion, see example 11.11 This 
distinction does not occur in the case p = 1 as algebras C™{G) are 
always translation invariant [U th. 3.1]. 

Note that if we multiply the weight of an algebra £™ (G) by a real- 
valued character, v = x w i then we get an algebra C" p {G) which is 
isometrically isomorphic to the original one. In particular, both alge- 
bras are regular or not simultaneously. But the condition ([6]) may cease 
to hold after such a transition (consider, e.g., weights w (t) = 1+t 2 and 
v (t) = e'(l + t 2 ) on the real line). It is known [HI th. 3] that it is always 
possible to find a character \ such that the new algebra C" p {G) with 
the weight v = \w is contained in L\[G). The latter inclusion simpli- 
fies various details, and particularly, the condition §6§ is equivalent to 
regularity only for algebras satisfying C p {G) C C\{G). Thus, it should 
be kept in mind that the inequality ([6]) is to be tested after previous 
renorming of the weight. 

Proof of theorem 11.31 requires the following lemma. 

Lemma 1.1. If C p (G) C C\(G) is an invariant algebra, then 

ess inf w > 0. 

G 

Proof. By theorem H 2.7] w may be chosen continuous, and by proposi- 
tion [31 1.16] the function L defined in (J3|) is bounded on every compact 
set. Let D = D^ 1 be a compact set of positive measure, and iV such a 
number that L r ^ N for r G D. Then for any s G G, r G D 

wis) 

-j^- ^w(s + r) ^Nw(s). (7) 

Suppose now that inicw = 0, i.e. w(t n ) = x n — > for some sequence 
t n G G. Then w(t) Nx n for t G t n + D, so that 

/ w~ q (t)dt > [ w- q (t)dt > N- q x- q fi(D) +oo. 

JG Jtn+D 

But by assumption C p {G) C C\{G), what is by [HJ prop. 2] equivalent 
to the inclusion w~ q G C\{G). We come to a contradiction. □ 

We need also 

Theorem 1.2 (P th. 3.3]). Let G be an abelian locally compact group, 
and let C p {G) be an invariant algebra. Then w is equivalent to a sub- 
multiplicative function. 
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Corollary 1.1. Let G be an abelian locally compact group, and let 
£p(G) C C\{G) be an invariant algebra. Then w is equivalent to a 
submultiplicative function v ^ 1 . 

Proof. Let v = Cw be equivalent to w and submultiplicative (th. II. 2p . 
By lemma [LT1 8 = inf^f > 0. If S ^ 1, then v is the desired function. 
If 5 < 1, then it is v/8. □ 

Theorem 1.3. LetC^(G) C 6e an invariant algebra. Regularity 

of this algebra is equivalent to the condition ([6]). 

Proof. Sufficiency. By lemma 11.11 we may assume that w ^ 1 and u> is 
submultiplicative. If now (jBJ) holds, then C™(G) is a regular algebra, 
and since £™ (G) is a module over Cf{G) [9j th. 1.1], this algebra is 
also regular. 

Necessity. Suppose the contrary, i.e. that the series §6§ diverges 
for some x G G. Let us assume the weight is continuous (corollary 
11.11) . The closed subgroup G x generated by x is either compact or 
discrete in G and therefore isomorphic to Z [7, th. 9.1]. In the first 
case series (EJ) converges irrespective of regularity. Suppose therefore 
that G x is discrete in G. Its dual group G x — G J G x may be identified 
with the unit circle, parameter for which we take in [— 7r, 7r]. Pick a 
number e G (0, ir). By assumption for any neighborhood of zero U C G 
there exists f G C™(G) such that its support supp/ is compact and 
contained in U; we take fo such that U = (— e, e) + G^. 

Take now any fx G £p{G) with compact support provided that 

A/o 7^ 0. Convolution f = fo * fi may be estimated in an arbitrary 
point s using submultiplicativity of the weight: 

w(t)w(s — t) 



\f{s)\ < 



f (t)h{s-ty 



w[s) 

c 



dt < 



w(s) w(s)' 

where the constant C depends of course on the choice of fo and fx. 
Note that supp / C (—e,e) + G^. Restriction of / onto subgroup G x , 
Vn = f(nx), satisfies 

C 

\<Pn\ < — ( T, SUpp0 C (-£,£). (8) 

Indeed, since = T G ±f [12, 2.7.3] (here T denotes the averaging oper- 
ator 

T N f(x) = I f x (t)dt = [ f(xt)dt, (9) 

J N JN 
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see [HI §9]), then suppv? = suppT G x/ C (— e, e). 

Obviously ip can be extended to an entire function of exponential 
type so that [EEJ th. X, XII] 

— at > —oo. 

, 1 + t 2 

Submultiplicativity of w will allow to conclude that the series (jSJ) con- 
verges. 

Choosing ipi G £i(Z) so that the support supp (p\ is sufficiently small, 
we may achieve that for (p = ip ■ ip-y the condition (jSJ) still holds, more- 
over, (p • w G ^i(Z). We may assume therefore that y> • w G £i(Z). 

We show first that </? as a function on the real line changes little at 
small translations. Let \s\ ^ 1, n G Z. Denote £ s (i) = e lst , then 

^(n + s) = (£, ■ <p)'{n) = (is * (f)(n) < l&OM™ - k)\. 

k 

Due to © 

. , C Cw(kx)w(nx — kx) Cw(kx) 

) \ — / " — r" 



w(na; — /ex) w(nx — kx)w(nx) w(nx) 
Convolution with £ s is a multiple of £ s : 

(£. * W) = ^f ^{r)e^- r)s dr = £.(*)¥>(*), 

i.e. 6 = 6* <£M«) is = ia- <p/<p(s). Thus, 

v^li Cw(kx) C\ M M C*2 

for s in sufficiently small interval (—5, 5), as y?(0) = w(0) ^ and <p> is 
continuous function on the real line. 
But now 

^ \og + w(nx) 1 ^ /-"^ 1q S + C 3 - log- |y ( a ) I ^ 



n=l n=l on -° 

^ C 3 - L7 4 / — ———dt < +oo. 

□ 

On the real line regularity of an algebra £™ (R) is equivalent to con- 
vergence of the integral ([5]) even if the weight is not submultiplicative. 
A simple proof of sufficiency in the case p = 1 is presented in a paper of 
E. A. Gorin [6] and may be literally repeated for p > 1. Necessity may 
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be proved, for example, in the following way. Let / G (R) be such 
that the support supp / is compact. Then by Paley- Wiener theorem 

- TT p-dt> -oo. 

By definition of the weighted space fw — ip G £ P (R). Since log + \ (p\ ^ 
|y?|, then log + |<p| € £ P (R). From the other side, (1 + t 2 )~ 1 G C q (R) for 
all q ^ 1. Thus, from the equality w = ip/ f we get: 



Submultiplicativity of the weight is essential when we pass from the 
integral (G2) to the series ([6]), and it would be natural to expect that 
in its absence condition (J6j) is no longer equivalent to regularity. It is 
indeed so what shows the following example. 

Example 1.1. Consider the unit circle T with parameter t G [0, 1) and 
the weight w(t) = t 1 ^ on it. The space £^(T) is an algebra because 
condition Q holds. Algebra (T) is regular because it contains all 
exponents of type f n {t) = e mt with Fourier transforms /„ = 5 n . But 
the condition ([6]) does not hold. In order to show it, choose a number 
a G (0,1) with good rational approximations, e.g. a = Yl^iln, 1 ^ 
where q\ = 2, q n > 2q n _ x exp(g^_ 1 ), and all q n are integer. Then 
{q n ot} < 2q n /q n+ i < e~ q ™. As group operation on [0, 1) is the fractional 
part of ordinary sum, 

I log w (no-) I > \ log w(q n a)\ = y^ | log{g n q}| > y^ | - ggj = + ^ 

From results of Domar [2], 1.5] follows 

Theorem 1.4. The spectrum of a regular algebra £p{G) C Ci{G) 
coincides with the dual group G. 

Corollary 1.2. Spectrum of a regular algebra £p{G) is homeomorphic 
to the dual group G. 

Proof. It follows from the previous theorem and theorem [8], th. 3] . □ 

Thus, a typical example of a weight of an irregular algebra on the 
real line is given by w(t) = (1 +t 2 )e'*L Spectrum in this example is the 
strip — 1 ^ 9iez ^ 1 (a proof for p — 1, valid also for submultiplicative 
weight and p > 1, see in P, §18]). Next example shows that the 
spectrum of an irregular algebra can be also equal to the dual group. 
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Example 1.2. Let w(t) = (1 + t 2 ) exp (| t|/log(e + 1 1\)). Then series 
(|6]) diverges for any t ^ 0, as log w(t) = 0(logt) + |t|/log(e + \t\). 
At the same time is an algebra (inequality ([3]) is checked strait- 

forwardly). Since lim t ^ ±OC) t" 1 logiu(t) = 0, spectrum of this algebra 
is the imaginary axis [5l §18], which may be identified with the dual 
group M. 

2. Construction of regular algebras 

In this section we show that regular weighted algebras with p > 
1 may be constructed on every a-compact abelian group. Since a- 
compactness is (in abelian case) necessary for the existence of weighted 
algebras with p > 1 (th. [9J 1.1]), we see that if weighted algebras do 
exist on a given group, then there are also regular ones among them. In 
the case p — 1 there is no problem because the classical algebra Ci{G) 
is regular. 

We say that the weight w grows polynomially if there exists d G N 
such that for all x G G 

w{nx) = 0(n d ), n — > oo. 

It is clear that for such a weight Domar's condition holds. On a 
compactly generated abelian group it makes no trouble to construct 
such a weight. The task becomes more complicated when the group is 
not compactly generated, e.g. in the case of rationals Q or p-rationals 
Z(p°°). Separate lemmas l2~2l and [27TI are devoted to these two groups. 
The group Z(p°°) for prime p is defined as the set {k/p n : k G Z, n G 
Z + } with addition modulo 1. In theorem 12.11 we show with the help 
of structure theory that a polynomially growing weight may be con- 
structed on any a-compact abelian group. 

We construct the weight via auxiliary function u = w~ q so that ([3]) 
holds. This guarantees that all spaces (G) are convolution algebras. 
We list properties that will be required from u in the following lemmas. 
This function must be: 

(a) Positive: u > 

(b) u * u ^ u 

(c) Even: u(x) = u(—x) 

(d) Decrease polynomially: there exists d such that l/u(nx) = 
0(n d ), n — > oo for all x. 

Lemma 2.1. Let G be equal to the union of its nested finite subgroups 
G n , n G N: G = UG n , G n C G n+ i for all n. Then on G exists a weight 
with properties (a) -(d). 
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Proof. Let \M\ denote cardinality (which is also Haar measure in this 
case) of a set M C G. We may construct the weight with the help of 
any decreasing sequence ip n > provided that tp = Ylfn\G n \ < oo. 
Denote Uj = G 3 - \ Gj-i, assuming G = 0. Then G = UUj, and we 
define u by u\ Un = tp n . 

Properties (a), (c) are obvious. Since l/u(nx) is bounded for any x, 
the decrease condition (d) is satisfied. Finally, we show that (b) holds. 
It is clear that 

oo 

(u * u)(x) = Yl V3 u ( x - v)- 

j = l y € Uj 

Let x G U n , y G Uj. If j < n then x — y G U n ; if j > n, then x — y G Uj. 
The set U n splits into disjoint union of the sets x + Uj, j < n, and their 
complement U x , for which x — U x C U n . Since u is constant on all these 
sets, we get that 

(u*u)(x)=^2\Uj\<Pj<p n +^2\ X + UjlfnVj + \ U *\<Pl +Y\ U i\rf ^ 
j<n j<n j>n 

oo 

< 2^ | £/,• | ^2(p n (p = 2u(x)(p, 

3=1 

i. e. (b) holds after transition from u to 2ipu. □ 

Corollary 2.1. On £/ie group Z(p°°) for any prime p there exists a 
weight with properties (a)-(d). 

Lemma 2.2. On the group Q i/iere exzsfe a weight with properties 
(a)-(d). 

Proof. Represent Q as a union of nested subgroups Q n = Z/t n , n G N 
- one may take, e.g., t„ = n\. Denote U n = Q n \ Q n -i, assuming 
Q = 0. Let us use functions on Z 

n = max{l, |n|} and a(n) = 1/n 2 . (10) 

Let C 2 be such that 

oo 1 „ 

y ^-^r (ii) 

' a(n)a(m — n) aim) 

n=— oo \ / \ / v / 

(its existence is easy to verify). 

Pick now a decreasing sequence > such that Yl tyntn — ¥ < 00 • 
For q E U n we put -u(g) = v ? n° r ( |_<?J )> where |_^J is the even extension of 
[x] from the real half-line. 
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It is obvious that this weight is even and positive. Any q e Q be- 
longs to some subgroup Q m , so that u(nq) ^ ip m cr([nq\) = ip m /[nq\ 2 . 
Obviously this sequence decreases at most quadratically on n. 

Similarly to the proof of the previous lemma (u * u) (q) may be split 
into the sum 

(u*u)(q) = J2(S 3 + S' J )+S n + J2S J , 

j<n j>n 

where for j < n 

S j = ^2^jVn^([r\)a([q-r\) = S' j = ^ y nVj a([r\)a([q - r\), 

reUj req+Uj 

for j > n 
and, finally, 



$ = £^0rJML*-rJ) 



r<EUj 



Sn= £ ^(LrJML<7-rJ). 



r€U„\ U (q+Uj) 



We estimate now these sums separately For j < n 

S 3 _ n n V> V- a(Lrj)ff(Lg-rJ) 



retTj-n ^(-fc-i,-fc]u[*,jfc+i) 

If |_r"J = fc, then \_q — r\ lies between |_^J — A: — 1 and \_q\ — k + 1. A rough 
estimate a{l ± 1) ^ 4<r(Z) holds. Note also that \Uj fl (—A; — 1, — fc]| = 
\Uj H [k, k + 1)\ ^ tj. Moreover, [x\ equals on two integer segments. 
Thus (recall that the notation Ci is introduced in (TTT)) ) . 

u(g) JJ f^ a([q\) 

Similarly, for j ^ n we get Sj ^ ■ Ctj(pfj/(p n ^ w(g) • Ctjtpj (the 
latter is true due to decrease of ipj). So, 

oo 

(u * u){q) ^ u{q) ■ 2 Cxpjtj = u(q) ■ 2 CV, 

3=1 

i. e. (b) holds after transition to 2dpu. □ 

A direct sum Q) a <=AG a of groups G a is usually defined [121 B7] as 
the subgroup in their direct product riaG.4 ^ a consisting of all ele- 
ments with finitely many nonzero coordinates. Next lemma constructs 
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a weight on the countable direct sum by weights on the summands. In 
fact, the proof remains true even in non-commutative case. 

Lemma 2.3. Let Gj, j G N be discrete groups with weights Uj satisfying 
(a)-(d). On the discrete direct sum G = (Bj^nGj there exists a weight 
u satisfying the same conditions. 

Proof. An element x G G is defined by its coordinates Xj G Gj. We 
denote s(x) = {j G N : Xj ^ 0} and write also s x instead of s(x). This 
set is finite for any x. Denote also G* = Gj \ {0}. In order to define 
the weight we need a sequence aj > and a function a : s — > a s on the 
set of all finite subsets of the set of natural numbers; aj and a s 

will be specified later. Now, define u as 

u(x) = a a ( x ) ] [ otjUj{xj). (12) 
jes(x) 

It is obviously even. We will choose a s positive, so that u > 0. Note 
also that s(nx) = s(x) for all x G G, and j-th coordinate of nx is 
nxj. Thus, decrease condition (c) for u follows trivially from the same 
condition holding for every Uj. 

For (b), the following inequalities are sufficient. Numbers aj should 
be small: 

V j G N < aj < 1, (13) 
H(l + a* ■ ( Uj * Uj )(0)) < 2, (14) 

3=1 

oo 

IJ(l + a i )<2. (15) 

3=1 

It is obvious that such aj exist. From a we require that for all s G JF(N) 

< a s < 1, (16) 
a sUv ^a s VuG.F(N), (17) 

a v a s\v < 1 ^g^ 

DCS * 

One may take a s = £i/(X) 3 - e3 j!) with ei = e~ 2 /8. For the empty set 
we put 00 = £i- Properties (1TB1) . (IT7|) hold obviously. Check now (ITS]) . 
Note that for nonempty t> C s we have a" 1 = a" 1 + ajA. Therefore 

V" QpQsV " = 2a + V" a^u, f — + ) = 2 V] a„. 
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Further, a v = £i/(X/je«iO ^ £i/(supu)!. assuming sup0 = 0. Thus, 

su p s _ k i 

a ^z.(i u ^)j^2.Tr^ £ie =8' 

whence ( fTBl follows. 

Estimate now the convolution -u * u. Take x G G. Every i'eG may 
be represented then in the form x' = y + z, where s y C s x , s z C N \ s x . 
According to the definition ( |T2l) . 



u(z') = u(y + z) = u(y)^^ JJ ajUj(zj) 9 u(j/) JJ ajUjfa). 

As = s x - y U s z and (x — y — z)j = —Zj for j G s 2 , using the fact 

that all weights are even, 



m(x — a/) = u(x — y — z) = u(x — y) — yL>Sz Y[ a j u ji z j) ^ 

a ^-y jGSz 

LVT 

,,t _ IT ^V.,, 



'-. //(./• — y) Y\ ctjUj(z, ; ). 



Consider subgroup = EL/es^ extracted by the support of x. An 
element y belongs to this subgroup iff s y C s x . Using the above in- 
equalities, we get: 

u * u (x) = u(x')u(x — x') ^ u(y)u{x — y) JJ ctju?(zj) ^ 

°° dUD 

< Yl u (v) u ( x - y) II i 1 + a ? ' * < 2 - y)- 

It remains thus to estimate sum over Q x . We will write further s 
instead of s x . Let y G Q x and s y — v. The difference x — y has 
some support Denote r = t> H Then coordinates off r are 

determined uniquely: 

= x v ( x ~y)j = ° for j G f \ r, 
= 0, (s-y)j = -Xj for j G s \ v. 
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Taking into account all weights are even, we note that in the following 
fraction after cancellation it remains only 

u(y)u(x —y)_ a v a r u(i\v) tt Uj{y 3 )uj{xj - y 3 ) 



W> a v a s \ v y-r Uj (yj ) uj (xj - y 3 ) 



Estimate sum over Q x : 



E u{y)u{x-y) = >p u(y)u(x - y) 
u(x) u ( x \ 

V&Q X V ' vCs s(y)=v y ' 

a v a s \ v ^ \- T-r Uj{y 3 )uj[xj -y,j) 



^ a s ^ f-' 11 J uJxa) 

V(ZS rCZV s(y) — r j £r J J 



vCs rCv j£r O^y^xj J J vCs rGv jGr 



DCs jGf DCs 

Thus, for all a; G G 

M * W (x) ^ m(^), 

i.e. (b) holds. □ 

We can now construct a weight on any countable group, using the 
structure theorem. 

Lemma 2.4. On every countable discrete abelian group G exists a 
weight with properties (a)-(d). 

Proof. It is known that G may be embedded as a subgroup into a 
divisible group H, which is also countable. By structure theorem for 
abelian groups suppl. A] H is isomorphic to the direct sum of copies 
of rationals Q and p-rational numbers Z(p°°) with prime p. Since H 
is countable, the number of summands is countable. By lemmas \2.2\ 
12.11 on all summands exist weights with properties (a)-(d). By lemma 
12.31 the same is true for H. If we restrict now the weight from H onto 
G C H, properties (a)-(d) with remain true. □ 

Theorem 2.1. On every a -compact locally compact abelian group G for 
every p > 1 there exists an invariant algebra C™(G) with polynomially 
growing weight. 
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Proof. By structure theorem ([7J 24.30]) G is topologically isomorphic 
to M. d x H, where d is a nonnegative integer and H contains a compact 
open subgroup E. The quotient group H/E is discrete, and by a- 
compactness of G it is countable. 

Let functions ur on IR d and uh on H/E satisfy (a)-(d). Existence 
of uh is proved in lemma 12.41 and ur may be taken equal to 



UR[X) (1 +xD" -(1 + 4)' 
The function u on G, 

u(r, h) = u R {r)u H {h + E), 

also satisfies (a)-(d). But now for any p > 1 the space £p(G) with 
the weight w = u~ q is an algebra, its weight growing polynomially. 
Moreover, u H q is submultiplicative because it defines an algebra [9j 
remark 3.1]. We see that u~ q and w are also submultiplicative, thus 
the algebra £p{G) is invariant. □ 

Now it follows 

Theorem 2.2. On every o-compact locally compact abelian group for 
any p > 1 there exists a regular algebra Cp(G). 

Author thanks deeply E. A. Gorin for the statement of the problem 
and useful discussions. 
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